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Characteristics of Mathematically Proficient Students 

The Standards for Mathematical Practice describe varieties of expertise that mathematics 
educators at all levels should seek to develop in their students.  These practices rest on important 
“processes and proficiencies” with longstanding importance in mathematics education. 
(Common Core State Standards for Mathematics, p. 6) 

 

Standards for  
Mathematical Practice Characteristics of Mathematically Proficient Students 

1. Make sense of problems 
and persevere in solving 
them. 

  

Mathematically proficient students can 

 Explain the meaning of a problem and restate it in their words. 
 Analyze given information to develop possible strategies for solving 

the problem. 
 Identify and execute appropriate strategies to solve the problem. 
 Evaluate progress toward the solution and make revisions if 

necessary. 
 Check for accuracy and reasonableness of work, strategy and solution. 
 Understand and connect strategies used by others to solve problems. 

2. Reason abstractly and 
quantitatively. 

Mathematically proficient students can 

 Translate given information to create a mathematical representation 
for a concept. 

 Manipulate the mathematical representation by showing the process 
considering the meaning of the quantities involved. 

 Recognize the relationships between numbers/quantities within the 
process to evaluate a problem. 

 Review the process for reasonableness within the original context. 

3. Construct viable arguments 
and critique the reasoning 
of others. 

Mathematically proficient students can 

 Use observations and prior knowledge (stated assumptions, 
definitions, and previous established results) to make conjectures and 
construct arguments. 

 Compare and contrast logical arguments and identify which one 
makes the most sense. 

 Justify (orally and in written form) the approach used, including how it 
fits in the context from which the data arose. 

 Listen, understand, analyze, and respond to the arguments of others. 
 Identify and explain both correct and flawed logic. 
 Recognize and use counterexamples to refine assumptions or 

definitions and dispute or disprove an argument. 
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4. Model with mathematics. 

  

Mathematically proficient students can 

 Use a variety of methods to model, represent, and solve real-world 
problems.  

 Simplify a complicated problem by making assumptions and 
approximations. 

 Interpret results in the context of the problem and revise the model if 
necessary. 

 Choose a model that is both appropriate and efficient to arrive at one 
or more desired solutions. 

5. Use appropriate tools 
strategically. 

 

Mathematically proficient students can 

 Identify mathematical tools and recognize their strengths and 
weaknesses. 

 Select and use appropriate tools to best model/solve problems. 
 Use estimation to predict reasonable solutions and/or detect errors. 
 Identify and successfully use external mathematical resources to pose 

or solve problems. 
 Use a variety of technologies, including digital content, to explore, 

confirm, and deepen conceptual understanding. 

6. Attend to precision. 

 

Mathematically proficient students can 

 Understand symbols and use them consistently within the context of 
a problem. 

 Calculate answers efficiently and accurately and label them 
appropriately. 

 Formulate precise explanations (orally and in written form) using both 
mathematical representations and words. 

 Communicate using clear mathematical definitions, vocabulary, and 
symbols.  

7. Look for and make use of 
structure. 

Mathematically proficient students can 

 Look for, identify, and accept patterns or structure within 
relationships. 

 Use patterns or structure to make sense of mathematics and connect 
prior knowledge to similar situations and extend to novel situations. 

 Analyze a complex problem by breaking it down into smaller parts. 
 Reflect on the problem as a whole and shift perspective as needed. 

8. Look for and express 
regularity in repeated 
reasoning. 

Mathematically proficient students can 

 Recognize similarities and patterns in repeated trials with a process. 
 Generalize the process to create a shortcut which may lead to 

developing rules or creating a formula. 
 Evaluate the reasonableness of results throughout the mathematical 

process while attending to the details. 
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Summary of Standards for Mathematical Practice Questions to Develop Mathematical Thinking

1. Make sense of problems and persevere in solving them. 
Interpret and make meaning of the problem to find a  starting 
point. Analyze what is given in order to explain to themselves the
meaning of the problem. 

Plan a solution pathway instead of jumping to a solution. 

Monitor their progress and change the approach if
necessary. 

See relationships between various representations. 

Relate current situations to concepts or skills previously 
learned and connect mathematical ideas to one another. 

Continually ask themselves, “Does this make sense?”                         
Can understand various approaches to solutions. 

How would you describe the problem in your own words?
How would you describe what you are trying to find?
What do you notice about...?
What information is given in the problem? 
Describe the relationship between the quantities.
Describe what you have already tried. What might you change?
Talk me through the steps you’ve used to this point.
What steps in the process are you most confident about?
What are some other strategies you might try?
What are some other problems that are similar to this one?
How might you use one of your previous problems to help
you begin?

How else might you organize...represent... show...?

2. Reason abstractly and quantitatively. 
Make sense of quantities and their relationships. 

Decontextualize (represent a situation symbolically and
manipulate the symbols) and contextualize (make meaning
of the symbols in a problem) quantitative relationships. 

Understand the meaning of quantities and are flexible in the use 
of operations and their properties. 

Create a logical representation of the problem. 

Attends to the meaning of quantities, not just how to compute 
them.

What do the numbers used in the problem represent?
What is the relationship of the quantities?
How is _______ related to ________?
What is the relationship between ______and ______?
What does_______mean to you? (e.g. symbol, quantity, 

diagram)
What properties might we use to find a solution?
How did you decide in this task that you needed to use...? 
Could we have used another operation or property to 

solve this task? Why or why not?

3. Construct viable arguments and critique the reasoning 
of others. 
Analyze problems and use stated mathematical assumptions, 
definitions, and established results in constructing arguments. 

Justify conclusions with mathematical ideas. 

Listen to the arguments of others and ask useful questions to 
determine if an argument makes sense. 

Ask clarifying questions or suggest ideas to improve/revise the 
argument. 

Compare two arguments and determine correct or flawed logic.

What mathematical evidence would support your solution?
How can we be sure that...? / How could you prove that...?
Will it still work if...?
What were you considering when...?
How did you decide to try that strategy?
How did you test whether your approach worked?
How did you decide what the problem was asking you to 

find?  (What was unknown?)
Did you try a method that did not work?  Why didn’t it 

work?  Would it ever work? Why or why not?
What is the same and what is different about...?
How could you demonstrate a counter-example?

4. Model with mathematics. 
Understand this is a way to reason quantitatively and abstractly 
(able to decontextualize and contextualize). 

Apply the mathematics  they know to solve everyday problems.

Are able to simplify a complex problem and identify important 
quantities to look at relationships. 

Represent mathematics to describe a situation either with an 
equation or a diagram and interpret the results of a 
mathematical situation. 

Reflect on whether the results make sense, possibly 
improving/revising the model. 

Ask themselves, “How can I represent this mathematically?” 

What number model could you construct to represent the  
problem?          

What are some ways to represent the quantities?
What is an equation or expression that matches the diagram,
number line.., chart..., table..?
Where did you see one of the quantities in the task in your 

equation or expression? 
How would it help to create a diagram, graph, table...?
What are some ways to visually represent...?
What formula might apply in this situation?
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Summary of Standards for Mathematical Practice Questions to Develop Mathematical Thinking

5. Use appropriate tools strategically. 
Use available tools recognizing the strengths and limitations of 
each. 

Use estimation and other mathematical knowledge to detect 
possible errors. 

Identify relevant external mathematical resources to pose and 
solve problems. 

Use technological tools to deepen their understanding of 
mathematics. 

What mathematical tools could we use to visualize and 
represent the situation?

What information do you have?
What do you know that is not stated in the problem?
What approach are you considering trying first?
What estimate did you make for the solution?
In this situation would it be helpful to use...a graph...,  

number line..., ruler..., diagram..., calculator..., manipulative?
Why was it helpful to use...?
What can using a ______ show us that _____may not?
In what situations might it be more informative or 

helpful to use...?

6. Attend to precision. 
Communicate precisely with others and try to use clear 
mathematical language when discussing their reasoning. 

Understand the meanings of symbols used in mathematics
and can label quantities appropriately. 

Express numerical answers with a degree of precision 
appropriate for the problem context. 

Calculate efficiently and accurately. 

What mathematical terms apply in this situation?
How did you know your solution was reasonable?
Explain how you might show that your solution answers 

the problem.
   What would be a more efficient strategy?

How are you showing the meaning of the quantities?
What symbols or mathematical notations are important in

this problem?
What mathematical language...,definitions..., properties can   
you use to explain...? 

How could you test your solution to see if it answers the 
problem?

7. Look for and make use of structure. 
Apply general mathematical rules to specific situations. 

Look for the overall structure and patterns in mathematics. 

See complicated things as single objects or as being composed of 
several objects. 

What observations do you make about...?
What do you notice when...?
What parts of the problem might you eliminate...,

simplify...?
What patterns do you find in...?
How do you know if something is a pattern?
What ideas that we have learned before were useful in 

solving this problem?
What are some other problems that are similar to this one?
How does this relate to...?
In what ways does this problem connect to other 

mathematical concepts?

8. Look for and express regularity in repeated reasoning. 
See repeated calculations and look for generalizations and 
shortcuts. 

See the overall process of the problem and still attend to the 
details. 

Understand the broader application of patterns and see the 
structure in similar situations. 

Continually evaluate the reasonableness of their intermediate 
results

Explain how this strategy work in other situations?
Is this always true, sometimes true or never true?
How would we prove that...?
What do you notice about...?
What is happening in this situation?
What would happen if...?
Is there a mathematical rule for...?  

What predictions or generalizations can this pattern support?
What mathematical consistencies do you notice ?
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Implementing Standards for Mathematical Practices 
 

          

#1  Make sense of problems and persevere in solving them. 
Summary of Standards for Mathematical Practice Questions to Develop Mathematical Thinking 

1. Make sense of problems and persevere in solving them.  
 

• Interpret and make meaning of the problem looking for starting points.  Analyze 
what is given to explain to themselves the meaning of the problem. 

 

• Plan a solution pathway instead of jumping to a solution.  
 

• Monitor the progress and change the approach if necessary.  
 

• See relationships between various representations.  
 

• Relate current situations to concepts or skills previously learned and connect 
mathematical ideas to one another.  

 

• Students ask themselves, “Does this make sense?” and understand various 
approaches to solutions.  

   How would you describe the problem in your own words? 
   How would you describe what you are trying to find?  
   What do you notice about...? 
   What information is given in the problem?  
   Describe the relationship between the quantities. 
   Describe what you have already tried.  What might you change? 
   Talk me through the steps you’ve used to this point. 
   What steps in the process are you most confident about? 
   What are some other strategies you might try? 
   What are some other problems that are similar to this one? 
   How might you use one of your previous problems to help  you begin? 
   How else might you organize...represent...show...? 

Implementation Characteristics: What does it look like in planning and delivery? 
Task: elements to keep in mind when determining learning experiences            Teacher: actions that further the development of math practices within their students 

Task: 

� Requires students to engage with conceptual ideas that underlie the procedures to complete the task and develop understanding. 

� Requires cognitive effort - while procedures may be followed, the approach or pathway is not explicitly suggested by the task, or task instructions and multiple entry points are 
available.  The problem focuses students’ attention on a mathematical idea and provides an opportunity to develop and/or use mathematical habits of mind. 

� Allows for multiple entry points and solution paths as well as, multiple representations, such as visual diagrams, manipulatives, symbols, and problem situations.  Making 
connections among multiple representations to develop meaning. 

� Requires students to access relevant knowledge and experiences and make appropriate use of them in working through the task. 

� Requires students to defend and justify their solutions. 
Teacher: 

� Allows students time to initiate a plan; uses question prompts as needed to assist students in developing a pathway. 

� Continually asks students if their plans and solutions make sense. 

� Questions students to see connections to previous solution attempts and/or tasks to make sense of current problem. 

� Consistently asks to defend and justify their solution by comparing solution paths.  

� Differentiates to keep advanced students challenged during work time 
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Implementing Standards for Mathematical Practices 
 

            

#2  Reason abstractly and quantitatively. 

Summary of Standards for Mathematical Practice Questions to Develop Mathematical Thinking 

2. Reason abstractly and quantitatively.  
 

•   Make sense of quantities and their relationships.  
 

• Able to decontextualize (represent a situation symbolically and manipulate the 
symbols) and contextualize (make meaning of the symbols in a problem) quantitative 
relationships.  

 

• Understand the meaning of quantities and are flexible in the use of operations and 
their properties.  

 

• Create a logical representation of the problem.  
 

• Attend to the meaning of quantities, not just how to compute them. 

What do the numbers used in the problem represent? 
What is the relationship of the quantities? 
How is _______ related to ________? 
What is the relationship between ______and ______? 
What does_______mean to you?  (e.g. symbol, quantity,  diagram) 
What properties might we use to find a solution? 
How did you decide in this task that you needed to use...? Could you have used 
another operation or property to solve this task?  Why or why not? 

 

Implementation Characteristics: What does it look like in planning and delivery? 
Task: elements to keep in mind when determining learning experiences            Teacher: actions that further the development of math practices within their students 

 
Task: 

� Includes questions that require students to attend to the meaning of quantities and their relationships, not just how to compute them. 

� Consistently expects students to convert situations into symbols in order to solve the problem and then requires students to explain the solution within a meaningful situation. 

� Contains relevant, realistic content. 
 
Teacher: 

� Expects students to interpret, model, and connect multiple representations. 

� Asks students to explain the meaning of the symbols in the problem and in their solution. 

� Expects students to give meaning to all quantities in the task. 

� Questions students so that understanding of the relationships between the quantities and/or the symbols in the problem and the solution are fully understood. 
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Implementing Standards for Mathematical Practices 
 

              

#3  Construct viable arguments and critique the reasoning of others. 

Summary of Standards for Mathematical Practice Questions to Develop Mathematical Thinking 

3. Construct viable arguments and critique the reasoning of others.  
 

• Analyze problems and use stated mathematical assumptions, definitions, and 
established results in constructing arguments.  

 

• Justify conclusions with mathematical ideas.  
 

• Listen to the arguments of others and ask useful questions to determine if an 
argument makes sense.  

 

• Ask clarifying questions or suggest ideas to improve/revise the argument.  
 

• Compare two arguments and determine correct or flawed logic. 

    What mathematical evidence supports your solution? 
    How can you be sure that...?  / How could you prove that...?  Will it still work if...?                                     
    What were you considering when...? 
    How did you decide to try that strategy? 
    How did you test whether your approach worked? 
    How did you decide what the problem was asking you to find?  (What was unknown?) 
    Did you try a method that did not work?  Why didn’t it work?  Would it ever work?  
          Why or why not? 
    What is the same and what is different about...? 
    How could you demonstrate a counter-example?  

Implementation Characteristics: What does it look like in planning and delivery? 
Task: elements to keep in mind when determining learning experiences            Teacher: actions that further the development of math practices within their students 

 
Task: 

� Is structured to bring out multiple representations, approaches, or error analysis. 

� Embeds discussion and communication of reasoning and justification with others. 

� Requires students to provide evidence to explain their thinking beyond merely using computational skills to find a solution. 

� Expects students to give feedback and ask questions of others’ solutions. 
 

Teacher: 

� Encourages students to use proven mathematical understandings, (definitions, properties, conventions, theorems, etc.), to support their reasoning. 

� Questions students so they can tell the difference between assumptions and logical conjectures. 

� Asks questions that require students to justify their solution and their solution pathway. 

� Prompts students to respectfully evaluate peer arguments when solutions are shared. 

� Asks students to compare and contrast various solution methods. 

� Creates various instructional opportunities for students to engage in mathematical discussions (whole group, small group, partners, etc.). 
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Implementing Standards for Mathematical Practices 
 

             

#4  Model with mathematics. 

Summary of Standards for Mathematical Practice Questions to Develop Mathematical Thinking 

4. Model with mathematics.  
 

• Understand this is a way to reason quantitatively and abstractly (able to 
decontextualize and contextualize).  

 

• Apply the math students know to solve problems in everyday life.  
 

• Able to simplify a complex problem and identify important quantities to look at 
relationships.  

 

• Represent mathematics to describe a situation either with an equation or a diagram 
and interpret the results of a mathematical situation.  

 

• Reflect on whether the results make sense, possibly improving/revising the model.  
 

• Ask themselves, “How can I represent this mathematically?”  
  

   What number model could you construct to represent the problem?           
   What are some ways to represent the quantities? 

What’s an equation or expression that matches the diagram? number line? chart? 
table? 
Where did you see one of the quantities in the task in your equation or expression?  
Would it help to create a diagram, graph, table, …? 
What are some ways to visually represent…? 
What formula might apply in this situation? 

 

Implementation Characteristics: What does it look like in planning and delivery? 
Task: elements to keep in mind when determining learning experiences            Teacher: actions that further the development of math practices within their students 

 
Task: 

� Is structured so that students represent the problem situation and their solution symbolically, graphically, and/or pictorially (may include technological tools) appropriate to 
the context of the problem.  

� Invites students to create a context (real-world situation) that explains numerical/symbolic representations. 

� Asks students to take complex mathematics and make it simpler by creating a model that will represent the relationship between the quantities. 

� Requires students to identify variables, compute and interpret results, report findings, and justify the reasonableness of their results and procedures within context of the task. 
 

Teacher: 

� Demonstrates and provides student’s experiences with the use of various mathematical models. 

� Questions students to justify their choice of model and the thinking behind the model. 

� Asks students about the appropriateness of the model chosen. 

� Assists students in seeing and making connections among models. 

� Give students opportunity to evaluate the appropriateness of the model. 
  

9



Implementing Standards for Mathematical Practices 
 

        

#5  Use appropriate tools strategically. 

Summary of Standards for Mathematical Practice Questions to Develop Mathematical Thinking 

5. Use appropriate tools strategically.  
 

• Use available tools recognizing the strengths and limitations of each.  
 

• Use estimation and other mathematical knowledge to detect possible errors.  
 

• Identify relevant external mathematical resources to pose and solve problems.  
 

• Use technological tools to deepen their understanding of mathematics.  
 

• Use mathematical models for visualizing and analyzing information 
 

 

    What mathematical tools could we use to visualize and represent the situation? 
    What information do you have? 
    What do you know that is not stated in the problem? 
    What approach are you considering trying first? 
    What estimate did you make for the solution? 
    In this situation would it be helpful to use.a graph..., number line..., ruler...,  
       diagram..., calculator..., manipulative? 
    Why was it helpful to use ____? 
    What can using a ______ show us that _____may not? 
    In what situations might it be more informative or helpful to use...? 

Implementation Characteristics: What does it look like in planning and delivery? 
Task: elements to keep in mind when determining learning experiences            Teacher: actions that further the development of math practices within their students 

 
Task: 

� Requires multiple learning tools. (Tools may include: manipulatives (concrete models), calculator, measurement tools, graphs, diagrams, spreadsheets, statistical software, etc.) 

� Requires students to determine and use appropriate tools to solve problems. 

� Requires students to demonstrate fluency in mental computations. 

� Asks students to estimate  in  a variety of situations: 
     -a task when there is no need to have an exact answer 
     -a task when there is not enough information to get an exact answer    
     -a task to check if the answer from a calculation is reasonable  
 

Teacher: 

� Demonstrates and provides students experiences with the use of various math tools. A variety of tools are within the classroom learning environment and readily available. 

� Allows students to choose appropriate learning tools and questions students as to why they chose the tools they used to solve the problem. 

� Consistently models how and when to estimate effectively, and requires students to use estimation strategies in a variety of situations. 

� Asks student to explain their mathematical thinking with the chosen tool. 

� Asks students to explore other options when some tools are not available. 
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Implementing Standards for Mathematical Practices 
 

          

#6  Attend to precision. 

Summary of Standards for Mathematical Practice Questions to Develop Mathematical Thinking 

6. Attend to precision.  
 

• Communicate precisely with others and try to use clear mathematical language when 
discussing their reasoning.  

 

• Understand meanings of symbols used in mathematics and can label quantities 
appropriately.  

 

• Express numerical answers with a degree of precision appropriate for the problem 
context.  

 

• Calculate efficiently and accurately.  
 

    What mathematical terms apply in this situation? 
    How did you know your solution was reasonable? 
    Explain how you might show that your solution answers the problem. 
    Is there a more efficient strategy? 
    How are you showing the meaning of the quantities? 
    What symbols or mathematical notations are important in this problem? 
    What mathematical language..., definitions..., properties can you use to explain...?  
    How could you test your solution to see if it answers the problem? 

Implementation Characteristics: What does it look like in planning and delivery? 
Task: elements to keep in mind when determining learning experiences            Teacher: actions that further the development of math practices within their students 

 
Task: 

� Requires students to use precise vocabulary (in written and verbal responses) when communicating mathematical ideas. 

� Expects students to use symbols appropriately. 

� Embeds expectations of how precise the solution needs to be (some may more appropriately be estimates). 
 
Teacher: 

� Consistently demands and models precision in communication and in mathematical solutions.  (uses and models correct content terminology).  

� Expects students to use precise mathematical vocabulary during mathematical conversations. (identifies incomplete responses and asks students to revise their response). 
� Questions students to identify symbols, quantities, and units in a clear manner 
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Implementing Standards for Mathematical Practices 
 

            

#7  Look for and make use of structure. 

Summary of Standards for Mathematical Practice Questions to Develop Mathematical Thinking 

7. Look for and make use of structure.  
 
• Apply general mathematical rules to specific situations.  
 
• Look for the overall structure and patterns in mathematics.  
 
• See complicated things as single objects or as being composed of several objects.  
 

    What observations do you make about...? 
    What do you notice when...? 
    What parts of the problem might you eliminate? simplify? 
    What patterns do you find in...? 
    How do you know if something is a pattern? 
    What ideas have we learned before that were useful in solving this problem? 
    What are some other problems that are similar to this one? 
    How does this relate to...? 
    In what ways does this problem connect to other mathematical concepts? 

Implementation Characteristics: What does it look like in planning and delivery? 
Task: elements to keep in mind when determining learning experiences            Teacher: actions that further the development of math practices within their students 

Task: 

� Requires students to look for the structure within mathematics in order to solve the problem. (i.e. – decomposing numbers by place value, working with properties, etc.). 

� Asks students to take a complex idea and then identify and use the component parts to solve problems. i.e. building on the structure of equal sharing, students connect their 
understanding to the traditional division algorithm. When “unit size” cannot be equally distributed, it is necessary to break down into a smaller “unit size”.  (example below) 

      
� Expects students to look at problems and think about them in an unconventional way that demonstrates a deeper understanding of the mathematical structure—leading to a 

more efficient way of solving the problem. They recognize and identify structures from previous experience(s) and apply this understanding in a new situation.  (i.e. 7 x 8 = (7 x 
5) + (7 x 3) OR 7 x 8 = (7 x 4) + (7 x 4). New situations could be distributive property, area of composite figures, multiplication fact strategies.) 

 

Teacher: 

� Encourages students to look at or something they recognize and have students apply the information in identifying solution paths (i.e. composing/decomposing numbers and 
geometric figures, identifying properties, operations, etc.). 

� Expects students to explain the overall structure of the problem and the big math idea used to solve the problem. 

4 )351 

   -32 

      31 

     -28 

        3 

3 hundreds units cannot be distributed into 4 equal groups. Therefore, they must be broken down into tens units. 

There are now 35 tens units to distribute into 4 groups. Each group gets 8 sets of tens, leaving 3 extra tens units that need to become ones units. 

This leaves 31 ones units to distribute into 4 groups. Each group gets 7 ones units, with 3 ones units remaining.  The quotient means that each group has 87 
with 3 left. 
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Implementing Standards for Mathematical Practices 
 

           

#8  Look for and express regularity in repeated reasoning. 

Summary of Standards for Mathematical Practice Questions to Develop Mathematical Thinking 

8. Look for and express regularity in repeated reasoning.  
 

• See repeated calculations and look for generalizations and shortcuts.  
 

• See the overall process of the problem and still attend to the details.  
 

• Understand the broader application of patterns and see the structure in similar 
situations.  

 

• Continually evaluate the reasonableness of their intermediate results. 

     
    Will the same strategy work in other situations? 
    Is this always true, sometimes true or never true? 
    How would you prove that...? 
    What do you notice about...? 
    What is happening in this situation? 
    What would happen if...? 
    Is there a mathematical rule for...?   
    What predictions or generalizations can this pattern support? 
    What mathematical consistencies do you notice? 

Implementation Characteristics: What does it look like in planning and delivery? 
Task: elements to keep in mind when determining learning experiences            Teacher: actions that further the development of math practices within their students 

Task: 

� Addresses and connects to prior knowledge in a non-routine way. 

� Present several opportunities to reveal patterns or repetition in thinking so generalizations can be made. 

� Requires students to see patterns or relationships in order to develop a mathematical rule. 

� Expects students to discover the underlying structure of the problem and come to a generalization. 

� Connects to a previous task to extend learning of a mathematical concept. 
 

Teacher:  

� Encourages students to connect task to prior concepts and tasks. 

� Prompts students to generate exploratory questions based on current tasks. 

� Asks what math relationships or patterns can be used to assist in making sense of the problem. 

� Asks for predictions about solutions at midpoints throughout the solution process and encourages students to monitor each other’s intermediate results. 

� Questions students to assist them in creating generalizations based on repetition in thinking and procedures. 
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MISCONCEPTIONS 
COUNTING & CARDINALITY OPERATIONS & ALGEBRAIC THINKING NUMBERS & OPERATIONS 

IN BASE TEN GEOMETRY 

Students may believe counting is often 
a rote and non-meaningful task. 
Connecting situations to the need for 
counting will help develop the 
understanding of the meaning of 
cardinality.   
 
Some students might not see zero as a 
number. Ask students to write 0 and say 
zero to represent the number of items 
left when all items have been taken 
away. Avoid using the word none to 
represent this situation. 
 
Some students might think that the 
count word used to tag an item is 
permanently connected to that item. So 
when the item is used again for 
counting and should be tagged with a 
different count word, the student uses 
the original count word. For example, a 
student counts four geometric figures: 
triangle, square, circle and rectangle 
with the count words: one, two, three, 
four. If these items are rearranged as 
rectangle, triangle, circle and square 
and counted, the student says these 
count words: four, one, three, two.  

If students progress from working with 
manipulatives to writing numerical expressions 
and equations, they skip using pictorial 
thinking. Students will then be more likely to 
use finger counting and rote memorization for 
work with addition and subtraction. Counting 
forward builds to the concept of addition while 
counting back leads to the concept of 
subtraction. However, counting is an inefficient 
strategy. Teachers need to provide 
instructional experiences so that students 
progress from the concrete level, to the 
pictorial level, then to the abstract level when 
learning mathematical concepts. 
 
Students may over-generalize the vocabulary 
in word problems and think that certain words 
indicate solution strategies that must be used 
to find an answer. They might think that the 
word more always means to add and the 
words take away or left always means to 
subtract. When students use the words take 
away to refer to subtraction and its symbol, 
teachers need to repeat students’ ideas using 
the words minus or subtract. For example, 
students use addition to solve this Take 
from/Start Unknown problem: Seth took the 8 
stickers he no longer wanted and gave them to 
Anna. Now Seth has 11 stickers left. How 
many stickers did Seth have to begin with?  
 

Students have difficulty with ten 
as a singular word that means 10 
things. For many students, the 
understanding that a group of 10 
things can be replaced by a single 
object and they both represent 10 
is confusing. Help students 
develop the sense of 10 by first 
using groupable materials then 
replacing the group with an object 
or representing 10. Watch for and 
address the issue of attaching 
words to materials and groups 
without knowing what they 
represent. If this misconception is 
not addressed early on it can 
cause additional issues when 
working with numbers 11-19 and 
beyond. 
 

One of the most common 
misconceptions in geometry is the 
belief that orientation is tied to shape. 
A student may see a triangle, but claim 
not to know the name of an upside 
down triangle placed beside it.  
Students need to have many 
experiences with shapes in different 
orientations.   
 
Students many times use incorrect 
terminology when describing shapes. 
For example students may say a cube 
is a square or that a sphere is a circle. 
The use of the two-dimensional shape 
that appears to be part of a three-
dimensional shape to name the three-
dimensional shape is a common 
misconception. Work with students to 
help them understand that the two-
dimensional shape is a part of the 
object but it has a different name.  
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VOCABULARY 
Counting & Cardinality Operations & 

Algebraic Thinking 
Number & Operations 

in Base Ten 
Measurement & Data Geometry 

number  
numeral 
count on  
count back 
quantity 
represent 
set 
compare  
more  
less  
greater than  
less than  
equal to 
 

add 
addition 
compose 
decompose 
decomposition 
equal 
fluently 
make 10 
represent 
solve 
subtract 
subtraction 

ones 
tens  
 
 

measureable  
attribute  
height 
weight 
length 
width 
depth 
category 
classify/sort 
coins  
penny 
nickel 
dime 
quarter 
compare  
describe 
heavy, heavier 
light, lighter 
long, longer 
short, shorter 
tall, taller 
 
 
 
 
 
 

shape  
circle 
hexagon 
rectangle  
square 
triangle 
cone 
cube 
cylinder  
sphere 
orientation 
position  
above 
below 
in front of 
behind 
next to 
size 
two-dimensional 
three-dimensional 
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COUNTING & CARDINALITY  

STANDARD 
K.CC.1    
MP.7, MP.8 

Know number names and the count sequence. 
Count 
a. Count to 100 by ones and by tens. 
b. Count backwards from 30 by ones. 
 

LEARNING TARGETS CLARIFICATIONS 
  

• Know number-word sequence. 
• Know counting sequence by ones. 
• Count backward from 30 
• Count to 100 by ones. 
• Count to 100 by tens. 
 

 
 

Students verbally count forward by ones (1,2,3,4. . .) to 100 
Students verbally count forward by tens (10, 20, 30. . .) to 100. 
Students verbally count backwards by ones (30, 29, 28, 27. . .) from 30. 
 
Coherence KY.K.CC.1→KY.1.NBT.1 

ATTENDING TO MATH PRACTICE 
Students notice repetition inherent in the counting sequence as they count to one hundred by ones 
and tens. For example, students notice “seven” follows “six,” and “twenty-seven” follows “twenty-six” 
(MP.8). They describe how this pattern exists into new decade families. For example, thirty-seven 
follows thirty-six and so on. Students use this general pattern about how numbers are structured to 
count forward from any given number within the range of 0-100 (counting on) without the benefit of 
starting at “one” (MP.7). 
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COUNTING & CARDINALITY 

STANDARD 
K.CC.2   

MP.7 

Know number names and the count sequence.  
 
Count forward beginning from a given number within the known sequence within 100 (instead of having to begin at 1). 
 

LEARNING TARGETS CLARIFICATIONS 
 

§ Count on from a number other than 1 up to 100. 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 

Students verbally count forward starting at a number other than one (58, 59, 60, 61, 62. . .) 
within 100. 
 
Coherence KY.K.CC.2→KY.1.NBT.1  

ATTENDING TO MATH PRACTICE 
They describe how this pattern exists into new decade families. For example, thirty-seven follows thirty-
six and so on. Students use this general pattern about how numbers are structured to count forward 
from any given number within the range of 0-100 (counting on) without the benefit of starting at “one” 
(MP.7). 
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COUNTING & CARDINALITY 

STANDARD 
K.CC.3   

MP.2, MP.7, MP.8 

Know number names and the count sequence. 
 
Represent numbers. 

a. Write numbers from 0 to 20. 
b. Represent a number of objects with a written numeral 0-20 (with 0 representing a count of no objects). 

 
LEARNING TARGETS CLARIFICATIONS 

 
• Know ten different digits can be used and sequenced to 

express any whole number. 
• Print numbers 0-20 when prompted (# formation). 
• Recognize numbers 0-20 out of sequence. 
• Write numbers 0-20 in order. 
• Write the number that represents a given number of 

objects from 0-20. 
• Identify missing numbers in number sequence 0-20. 
• Recognize and order numbers 0-20. 
 

 
 

Students write all numerals in the range of 0-20 (1, 2, 3, 4, 5…) When 
students are given a written numeral, represent with objects within 20 (4…★★★★). 
 
Coherence KY.K.CC.3→KY.1.NBT.1  

ATTENDING TO MATH PRACTICE 
Students notice repetition inherent in the counting sequence as they count to one hundred by ones 
and tens. For example, students notice “seven” follows “six,” and “twenty-seven” follows “twenty-
six” (MP.8). They describe how this pattern exists into new decade families. For example, thirty-
seven follows thirty-six and so on. Students use this general pattern about how numbers are 
structured to count forward from any given number within the range of 0-100 (counting on) without 
the benefit of starting at “one” (MP.7). When counting objects within the range of 0-20, they 
understand they can communicate this total using words, for example “ten” and the numeral 10. 
(MP.2) 
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COUNTING & CARDINALITY 

STANDARD 
K.CC.4          
MP.2, MP.8 

Count to tell the number of objects. 
Understand the relationship between numbers and quantities; connect counting to cardinality. 

a. When counting objects, say the number names in the standard order, pairing each object with one and only one number 
name and each number name with one and only one object. 

b. Understand that the last number name said tells the number of objects counted. The number of objects is the same  
             regardless of their arrangement or the order in which they were counted. 

c. Understand that each successive number name refers to a quantity that is one larger. 
LEARNING TARGETS CLARIFICATIONS 

   
• Know cardinal numbers in correct order (0-20). 
• Match each object with one and only one number name and 

each number with one and only one object 
• Orally count objects by touching them singularly while saying the 

number name. 
• Recognize that the last number named tells the number of 

objects counted. 
• Count objects correctly regardless of arrangement and order. 
• Orally explain why the number of objects is the same regardless 

of their arrangement. 
• Recognize that each successive number name refers to a 

quantity that is one larger. 
• Say how many more there are in a group when one more is 

added (without recounting the entire group). 
• Count to 20 saying number names in standard order, with one to 

one correspondence. 
• Apply counting principles (conservation, cardinality, stable order) 

 

Students understand each object being counted is given only one number name and this 
naming occurs in the correct sequence (one, two, three, four. . .). Once students 
concluded counting a group of objects in different arrangements, the student correctly 
identifies the amount of objects in that group (rather than recounting the group). Students 
verbally count by ones, connecting each number word with a quantity (or collection) as 
the count progresses. 
 
Coherence KY.K.CC.4→KY.1.OA.5 

 ATTENDING TO MATH PRACTICE 
 
Students connect number words to quantities as they count collections of ten by ones and 
realize the last number stated in the sequence (“ten”) refers to the total quantity of objects 
(cardinality). For example, when students count five blocks, the last word they say is “five” 
and therefore five is the total number of the collection (MP.2). Through repeated 
experiences of adding one counter to an existing collection, students see that the total is 
one more and know this is true every time another counter is added (MP.8). 
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COUNTING & CARDINALITY 

STANDARD 
K.CC.5           
MP.2, MP.3 

Count to tell the number of objects.  
Given a number from 1-20, count out that many objects. 

a. Count to answer “how many?” questions with as many as 20 things arranged in a line, a rectangular array, or a circle. 
b. Count to answer “how many?” questions with as many as 10 things in a scattered configuration. 

LEARNING TARGETS CLARIFICATIONS 
 

• Explain that the last number named when counting 
tells the number of objects. (cardinality)  

• Know the number of objects is the same regardless of 
their arrangement or the order in which they were 
counted. 

• Count objects up to 20 in a variety of arrangements 
(line, rectangular array, circle). 

• Count up to 10 objects in a scattered configuration. 
• Show the correct number of objects when told a 

number up to 20. 
• Say “how many” are in a group after counting all the 

objects up to 20. 
• Match objects counted to number cards to 20.  
• Given a number from 1-20 orally count out that many 

objects. 
 

INCLUDE SUBITIZING 
 

 
 
 

When presented with a numeral (in the range of 1-20), the student creates a collection of a like 
amount. When presented with a collection (in the range of 1-20) the student connects that 
collection to the correct numeral. When presented with collections in structured arrangements (line, 
circle, array and others) the student determines the quantity of that collection by counting. When 
presented with collections in an unstructured arrangement the student determines the quantity of 
that collection by counting. 

                  9                   4                8 
 
Coherence KY.K.CC.5→KY.1.NBT.1 
 ATTENDING TO MATH PRACTICE 
When encountering a collection of objects in various configurations (see clarification), students 
organize the objects in order to count each one only once and explain their strategy for counting 
and for ensuring they have counted each object once (MP.2, MP.3). 
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COUNTING & CARDINALITY 

STANDARD 
K.CC.6           

MP.1, MP.3, MP.6 

Compare numbers. 
 
Identify whether the number of objects in one group is greater than, less than, or equal to the number of objects in another group. 

LEARNING TARGETS CLARIFICATIONS 
 

• Identify which group has more by matching or 
counting the number of objects in both groups. 

• Identify which group has less by matching or counting 
the number of objects in both groups. 

• Identify when groups are equal by matching or 
counting. 

• Describe greater than, less than, or equal to. 
• Determine whether a group of 10 or fewer objects is 

greater than, less than, or equal to another group of 
10 or fewer objects. 

Compare two collections (each containing up to 10 objects) to determine whether one collection is 
greater than, less than, or equal to the other.  Students use matching strategies (pairing items from 
the collections) or counting strategies (counting one collection and then the other). 
 

Note: Students do not need to use the relation symbols greater than (>), 
less than (<) and equal to (=) to compare groups of objects. 

 
Coherence KY.K.CC.6→KY.K.MD.3 
 

ATTENDING TO MATH PRACTICE 
Students know different strategies for comparing groups and choose a strategy such as counting, 
matching and pairing to compare two groups (MP.1).  Once a determination has been made, 
students articulate their ideas using precise mathematical language such as “greater than,” “less 
than,” and “equal to” (MP.6, MP.3). 
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COUNTING & CARDINALITY 

STANDARD 
K.CC.7           

MP.2 

Compare numbers. 
 
Compare two numbers between 1 and 10 presented as written numerals. 
 

LEARNING TARGETS CLARIFICATIONS 
 
• Orally read numerals to 10. 
• Know the quantity of each numeral. 
• Compare two numerals between 1 and 10 and say 

which numeral has a greater value. 
• Determine whether a written number is greater than, 

less than, or equal to another written number. 
 
 

 
 

When presented with two numerals (between 1 and 10), students determine which numeral is 
greater than, less than, or equal to the other. Students express some mathematical reasoning 
regarding their determination (5 is larger than 3 because it has two more).  
 

Note: Students do not need to use the relation symbols greater than (>), less than (<) and 
equal to (=) to compare numbers between 1 and 10. 

 
Coherence KY.K.CC.7→KY.1.NBT.3 
 
 ATTENDING TO MATH PRACTICE 
When comparing two numerals, students move flexibly between symbols and their corresponding 
quantities, using objects or situations to help them reason about the relative size of each quantity 
(MP.2). 
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OPERATIONS & ALGEBRAIC THINKING 

STANDARD 
K.OA.1           
MP.2, MP.4 

Understand addition as putting together and adding to, and subtraction as taking apart and taking 
from. 
 
Represent addition and subtraction with objects, fingers, mental images, drawings, sounds, acting out situations, verbal 
explanations, expressions, or equations. 

LEARNING TARGETS CLARIFICATIONS 
 

§ Orally explain addition as putting together & adding to. 
§ Orally explain subtraction as taking apart and taking 

from 
§ Know adding is putting parts together to make the 

whole. 
§ Know subtracting is taking apart or taking away from 

the whole to find the other part. 
§ Know the symbols (+,  -, =) and the words (plus, 

minus, equal) for adding and subtracting. 
§ Analyze addition or subtraction problems to determine 

whether to ‘put together’ or ‘take apart’. 
§ Model addition or subtraction problems given a real-

life story. 
§ Represent addition and subtraction with objects, 

fingers, mental images, drawings, sounds, acting out 
situations, verbal explanations, expressions, or 
equations in multiple ways, e.g., 2+3=5, 5=2+3, 
||+|||=|||||, and vertically.  

 

Students flexibly model or represent addition and subtraction tasks across a range of contexts 
rather than just becoming proficient with a single model or representation.  
 

See Table 1 in Appendix A. 
 

Note: Drawings need not show detail but should accurately represent the quantities 
involved in the task. 

 
Coherence KY.K.OA.1→KY.K.OA.2 

ATTENDING TO MATH PRACTICE 
Represent the situations using an expression or equations (see clarifications) (MP.4). Students 
decomposed numbers into two subgroups in different ways and understand the subgroups do not 
need to be the same size, but combined they equal to original value (7) (MP.2). Students 
decompose a group of 7 objects into 3 and 4, 6 and 1, and 5 and 2. They write the related 
expressions (MP.4) and explain or show (using a balance or moving objects) these different 
arrangements are equal to each other and equal to 7 (MP.2). Students view a ten frame 
displaying 7 counters and see 3 more counters are needed to equal 10, or in seeing the sum       
3 + 2 may visualize a dot pattern or notice 3 + 2 is 1 more than 2 + 2, a sum they know (MP.2). 
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OPERATIONS & ALGEBRAIC THINKING 

STANDARD 
K.OA.2          

MP.5 

Understand addition as putting together and adding to, and understand subtraction as taking 
apart and taking from. 
 
Solve addition and subtraction word problems and add and subtract within 10 by using objects or drawings to represent  
the problem. 
 

LEARNING TARGETS CLARIFICATIONS 
 

§ Solve addition and subtraction word 
problems within 10 using objects and 
drawings. 

§ Add and subtract within 10  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Students flexibly model or represent addition and subtraction situations or context problems (involving sums and 
differences up to 10).  
 

See Table 1 in Appendix A. 
 

Note: Drawings need not show detail but accurately represent the quantities involved in the task. 
 
Coherence KY.K.OA.2→KY.1.OA.1 
 

ATTENDING TO MATH PRACTICE 
 
Students act out a story problem involving the eating of apples using cubes to represent each apple (MP.5). 
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OPERATIONS & ALGEBRAIC THINKING 

STANDARD 
K.OA.3             
MP.2, MP.4 

Understand addition as putting together / adding to, and understand subtraction as taking apart / taking from. 
Decompose numbers less than or equal to 10. 

a. Decompose numbers into two groups in more than one way by using objects or drawings and record each 
decomposition by a drawing or equation. 

b. Use objects or drawings to demonstrate equality as the balancing of quantities. 
LEARNING TARGETS CLARIFICATIONS 

 
§ Decompose (break apart) numbers to 10 using objects 

or drawings. 
§ Record answers using drawings or equations. 
§ Solve addition number sentences within 10. 
§ Decompose numbers less than or equal to 10 into 

pairs in more than one way. 
§ Use objects or drawings then record each composition 

by a drawing or writing an equation. 
§ Use objects or drawings to demonstrate equality as 

the balancing of quantities. 
 

 
 
 
 
 
 
 
 
 
 
 

When presented with a numeral or collection (10 or less), the student separates that amount into 
two groups or collections via drawings or objects.   
 

Note: Drawings need not show detail, but accurately represent the quantities involved in 
the task. Students represent an equation as the balance of quantities. 

 

                       
 

Note: Drawings need not show detail, but accurately represent the quantities involved in 
the task. 

Coherence KY.K.OA.3→KY.1.OA.6 
ATTENDING TO MATH PRACTICE 

Represent the situations using an expression or equations (see clarifications) (MP.4). Students 
decomposed numbers into two subgroups in different ways and understand the subgroups do not 
need to be the same size, but combined they equal to original value (7) (MP.2). Students 
decompose a group of 7 objects into 3 and 4, 6 and 1, and 5 and 2. They write the related 
expressions (MP.4) and explain or show (using a balance or moving objects) these different 
arrangements are equal to each other and equal to 7 (MP.2). Students view a ten frame 
displaying 7 counters and see 3 more counters are needed to equal 10, or in seeing the sum 3 + 
2 may visualize a dot pattern or notice 3 + 2 is 1 more than 2 + 2, a sum they know (MP.2). 
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OPERATIONS & ALGEBRAIC THINKING 

STANDARD 
K.OA.4           
MP.7, MP.8 

Understand addition as putting together and adding to, and understand subtraction as taking 
apart and taking from. 
 
For any number from 1 to 9, find the number that makes 10 when added to the given number by using objects or drawings and 
record the answer with a drawing or equation. 
 

LEARNING TARGETS CLARIFICATIONS 
 

§ Explain how two numbers can be added together to 
make ten. 

§ Using materials or representations, find the number 
that makes 10 when added to the given number for 
any number from 1 to 9, and record the answer using 
materials, representations, or equations. 

§ Determine the number to add a given number 1-9 to 
make 10, and show the answer with a drawing or 
equation. 
 

 
 
 
 
 
 
 
 
 
 
 

When presented with a numeral or collection of objects between 1-9, represent the corresponding 
number that makes 10 with objects or drawings. Students record these combinations using either 
drawings or numbers. Drawings need not show detail, but accurately represent the quantities 
involved in the task. 

  
 
Coherence KY.K.OA.4→KY.1.OA.6 

ATTENDING TO MATH PRACTICE 
 
Students connect breaking apart 5 into 2 and 3, means 2 + 3 = 5. Beyond counting, students use 
visuals (dot patterns, five and ten frames) and tools such as counters and Rekenreks to 
determine sums within 5 and combinations of 10 (MP.5, MP.7). 
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OPERATIONS & ALGEBRAIC THINKING 

STANDARD 
K.OA.5          
MP.2, MP.7 

Understand addition as putting together and adding to, and understand subtraction as taking 
apart and taking from. 
 
Fluently add and subtract within 5. 
 

LEARNING TARGETS CLARIFICATIONS 
 

§ Fluently add numbers that add up to 5 or less. 
§ Fluently subtract numbers when the starting 

number is 5 or less. 
§ Knows answer immediately without using fingers, 

drawings, etc. 
 
 
 
 
 
 
 
 
 

Students solve addition and subtraction tasks (with sums and differences within 5) efficiently, 
accurately, flexibly and appropriately. Being fluent means students choose flexibly among methods 
and strategies to solve contextual and mathematical problems, they understand and explain their 
approaches and they produce accurate answers efficiently. Students express mathematical reasoning 
regarding their responses (“5-3 equals 2 because when you move three back, you land on two”). 
Note: Reaching fluency is an ongoing process that will take much of the year. 
 
Coherence KY.K.OA.5→KY.1.OA.6  

ATTENDING TO MATH PRACTICE 
 
Students decomposed numbers into two subgroups in different ways and understand the subgroups 
do not need to be the same size, but combined they equal to original value (7) (MP.2). Students 
connect breaking apart 5 into 2 and 3, means 2 + 3 = 5. Beyond counting, students use visuals (dot 
patterns, five and ten frames) and tools such as counters and Rekenreks to determine sums within 5 
and combinations of 10 (MP.5, MP.7). For example, students view a ten frame displaying 7 counters 
and see 3 more counters are needed to equal 10, or in seeing the sum 3 + 2 may visualize a dot 
pattern or notice 3 + 2 is 1 more than 2 + 2, a sum they know (MP.2). 
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NUMBERS & OPERATIONS IN BASE TEN 

STANDARD 
K.NBT.1           

MP.3, MP.4, MP.7 

Working with numbers 11-19 to gain foundations for place value. 
 
Compose and decompose numbers from 11 to 19 using quantities (numbers with units) of ten ones and some further ones.  
Understand that these numbers are composed of ten ones and one, two, three, four, five, six, seven, eight, or nine ones. 

LEARNING TARGETS CLARIFICATIONS 
 

• Count to 20. 
• Compose (put together) numbers 11-19 using a ten and some ones, 

and show work with a drawing or an equation. 
• Decompose (break apart) numbers 11-19 into a ten and some ones, 

and show work with a drawing or an equation. 
• Know that a (spoken) number (11-19) represents a quantity. 
• Understand that numbers 11-19 are composed of 10 ones and one, 

two, three, four, five, six, seven, eight, or nine ones. 
• Represent compositions or decompositions by a drawing or 

equation. 
• Compose numbers 11-19 into ten ones and some further ones using 

objects and drawings. 
• Decompose numbers 11-19 into ten ones and some further ones 

using objects and drawing 
• When counting objects organize into group of 10 and some more. 

Using numbers or representations, students use 10 units as an anchor to compose 
and decompose quantities (up to 19).  Note: Drawings need not show detail, but 
accurately represent the quantities involved in the task. 
 
16 triangles = 10 triangles + Δ Δ Δ Δ Δ Δ ; 18 beans = 10 beans + 8 beans 
 
Coherence KY.K.NBT.1→KY.1.NBT.2  
 

ATTENDING TO MATH PRACTICE 
Students explain a teen number can be broken apart into ten ones and some more 
ones (MP.3). They express this relationship using objects, drawings and 
corresponding equations (MP.4). For example, a student working with 16 counters 
places ten counters in a cup and leaves 6 counters on the table and represents this 
idea using the equation 16=10+6. Note the language of the standard does not 
require students to actually create the ten unit (that is in grade 1), but they 
recognize and break apart a teen number into ten ones and some more ones 
(MP.7). 
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MEASUREMENT & DATA 

STANDARD 
K.MD.1         
MP.3, MP.6 

Describe and compare measurable attributes.  
 
Describe measurable attributes (length, height, weight, width, depth) of an object or a set of objects using appropriate vocabulary.  
 

LEARNING TARGETS CLARIFICATIONS 
 

• Define attribute (length, height, weight, width, 
depth) 

• Know that objects have measurable attributes and 
know what they are called, such as length, height, 
weight, width, depth. 

• Describe objects using attributes such as: length, 
height, weight, width, depth. 

 

For a single object, students verbally identify more than one attribute measured  (wooden block - height, 
weight). 
 
Coherence KY.K.MD.1→KY.1.MD.2 
 

ATTENDING TO MATH PRACTICE 
 
Students notice objects in the world around them have attributes and some of those attributes are 
measurable attributes. They describe measurable attributes using measuring language such as “heavy” 
and/or “long/short” (MP.3, MP.6). 
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MEASUREMENT & DATA 

STANDARD 
K.MD.2        
MP.2, MP.6 

Describe and compare measurable attributes.  
 
Directly compare two objects with a measurable attribute in common, to see which object has “more of”/ “less of” the attribute and 
describe the difference. 
 

LEARNING TARGETS CLARIFICATIONS 
 

• Name the measurable attributes of two objects 
using appropriate vocabulary including:  
heavier/lighter, longer/shorter.   

• Tell which object is longer (shorter, taller) than the 
other by comparing them side-by-side. 

• Tell which object can hold more (or less) than the 
other by filling up one of the objects and pouring it 
into the other one. 

• Tell which object is heavier (or lighter) by lifting 
one in one hand and the other in the other hand. 

• Know that two objects can be compared using a 
particular attribute. 

• Compare two objects and determine which has 
more and which has less of the measureable 
attribute to describe the difference. 

 
Students consider and compare a common measurable attribute shared by two objects  
(Which cup is taller and which is shorter? Which bucket of sand is heavier and which is lighter?). 
 
Coherence KY.K.MD.1→KY.1.MD.1 
 

ATTENDING TO MATH PRACTICE 
 
Students notice objects in the world around them have attributes and some of those attributes are 
measurable attributes. They describe measurable attributes using measuring language such as “heavy” 
and/or “long/short” (MP.3, MP.6). As students compare objects, they focus on a selected attribute, for 
example, length and then determine which object has more or less of that attribute, saying, this footprint 
is longer (MP.2). 
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MEASUREMENT & DATA 

STANDARD 
K.MD.3      
MP.3, MP.6 

Classify objects and count the number of objects in each category. 
 
Classify and sort objects or people by attributes. Limit objects or people in each category to be less than or equal to 10. 
 

LEARNING TARGETS CLARIFICATIONS 
 
• Classify/sort objects into groups by attributes 

(size, shape, color, thickness, length, height, 
weight). 

• Determine the number of objects in each group. 
• Compare the number of objects in each category  

For a group of 10 (or less) objects/people, students compare and order objects according to a common 
measurable attribute (height, weight, length, width, depth) shared by the objects (arranging 4 blocks 
from heaviest to lightest; arranging classmates from tallest to shortest). 
 
Coherence KY.K.MD.3→KY.1.MD.4 
 

ATTENDING TO MATH PRACTICE 
Students use their understanding of attributes to sort objects in different ways. They justify their rules for 
sorting, listen to the ideas of others and when they are unsure or disagree, they question or challenge 
the observations (MP.3). As they describe attributes, students use precise shape or measurement 
language such as “has all straight sides” or “is shorter than a new pencil” (MP.6). 
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MEASUREMENT & DATA 

STANDARD 
K.MD.4       

MP.6 

Identify coins by name. 
 
Recognize and identify coins by name (penny, nickel, dime, quarter).  
 

LEARNING TARGETS CLARIFICATIONS 
• Identify coins (penny, nickel, dime, quarter). 

 
• When shown a coin, name the coin. 

 
• Select a given coin when presented with a group 

of different coins. 
 

Students identify coins (penny, nickel, dime, quarter) when presented.  When shown a nickel, name the 
coin as a nickel; select a nickel when presented with a group of different coins. 
Note: Students need not identify the value of these coins. 
 
Coherence KY.K.MD.4→KY.1.MD.3b 
 

ATTENDING TO MATH PRACTICE 
Students recognize the need for consistent, common language to identify coins (MP.6). For example, 
students understand that “nickel” is the name of a specific coin with a specific appearance and cannot 
be used to describe other coins of different appearances. Note the standard does not require students to 
identify values, only names. 
 

 
 

32



McCracken County Schools                     
Kindergarten:  KAS 

Geometry   
  

Intellectual Property McCracken County School. July 2011. 
Copyright 2010. National Governors Association Center for Best Practice and Council of Chief State School Officers.  All Rights Reserved. 
Reference 
Stiggins, Rick, Jan Chappuis, Judy Arter, and Steve Chappuis, Classroom Assessment for Student Learning.  2nd, Portland, ORE:  ETS, 2006. 
Bamberger, Honi. Christine Oberforf, Karren Schultz-Ferrell.  Math Misconceptions.  Portsmouth, NH.  2010. 

 
GEOMETRY 

STANDARD 
K.G.1          

MP.6 

Identify and describe shapes (squares, circles, triangles, rectangles, hexagons, cubes, cones, 
cylinders, and spheres).  
 
Name and describe shapes in the environment. 
a. Describe objects in the environment using names of shapes. 
b. Describe the relative positions of these objects using terms above, below, in front of, behind and next to. 

LEARNING TARGETS CLARIFICATIONS 
 

§ Describe shapes to identify their various attributes, 
including vertices, sides, corners, and length of sides. 

§ Find and name shapes in the environment. 
§ Describe the relative position of objects using 

appropriate vocabulary, including above, below, beside, 
in front of, behind, next to. 

 
 
 
 
 
 
 
 
 
 
 
 

For objects in student’s environment, the student accurately provides a shape name (squares, 
circles, triangles, rectangles, hexagons, cubes, cones, cylinders and spheres). (“The clock on the 
wall is a circle.” “The desktop is a rectangle.”) Students use positional language to describe the 
relationships between objects (“The clock is above the bulletin board.” “My desk is next to the 
computer table.”) 
 
Coherence KY.K.G.1 →KY.K.G.4 
 

ATTENDING TO MATH PRACTICE 
Students use precise language to describe objects they encounter in their world and describe the 
locations of objects such as “up,” “down,” “above” and “below”, as well as use language to describe 
characteristics of two- and three-dimensional shapes (MP.6). 
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GEOMETRY 

STANDARD 
K.G.2          

MP.7 

Identify and describe shapes (squares, circles, triangles, rectangles, hexagons, cubes, cones, 
cylinders, and spheres).  
 
Correctly name shapes regardless of orientations or overall size. 
 

LEARNING TARGETS CLARIFICATIONS 
 

• Name shapes correctly. 
• Name shapes regardless of their orientation or 

overall size. 
  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Students identify and name shapes (squares, circles, triangles, rectangles, hexagons, cubes, cones, 
cylinders and spheres) regardless of size, orientation, or positioning. (The classroom window is a 
rectangle and this paper is a rectangle, too.) 
 
Coherence KY.K.G.2→KY.K.G.4 

ATTENDING TO MATH PRACTICE 
Students explain the location or position of an object does not change its attributes (MP.7). 
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GEOMETRY 

STANDARD 
K.G.3         

MP.3, MP.6 

Identify and describe shapes (squares, circles, triangles, rectangles, hexagons, cubes, cones, 
cylinders, and spheres).  
 
Identify shapes as two-dimensional or three-dimensional. 

LEARNING TARGETS CLARIFICATIONS 
 

• Define two-dimensional shapes. 
• Define three-dimensional shapes. 
• Identify two-dimensional shapes. 
• Identify three-dimensional shapes. 

 

When presented with a shape or object, students determine whether it is two-dimensional (square, 
circle, triangle, rectangle, or hexagon) or three-dimensional (cube, cone, cylinder, sphere). Students 
express mathematical reasoning regarding their responses. (The block is three-dimensional because it’s 
thick and not flat like paper.) 
 
Coherence KY.K.G.3→KY.1.G.1 
 

ATTENDING TO MATH PRACTICE 
 
Students use informal language as they compare objects; for example, sorting polygons by their relative 
size, or by a rule, such as “have three corners” (MP.6). Students analyze attributes of three-dimensional 
shapes; for example, noticing some have sides that all look like squares or rectangles, while others have 
sides that look like triangles (MP.3). 
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GEOMETRY 

STANDARD 
K.G.4          

MP.3, MP.7 

Analyze, compare, create, and compose shapes. 
 
Describe the similarities, differences and attributes of two and three dimensional shapes using different sizes and orientations. 
 

LEARNING TARGETS CLARIFICATIONS 
 

• Describe two and three-dimensional shapes to 
identify their various attributes. 

• Compare and describe two and three-dimensional 
shapes. 

• Analyze and compare two and three-dimensional 
shapes, in different sizes and orientations, using 
informal language to describe their similarities, 
differences, and other attributes (e.g. having sides of 
equal length). 

 

When considering two-dimensional shapes (square, circle, triangle, rectangle, hexagon) or objects and three-
dimensional shapes (cube, cone, cylinder, sphere) or objects, students describe similarities, differences and 
attributes. (“The window and paper are both rectangles, but the window sits sideways and my paper is long 
ways.” “My book and my paper both look like rectangles, but my book is three-dimensional because it is 
thicker.”) 
 
Coherence KY.K.G.4→KY.1.G.1  
 

ATTENDING TO MATH PRACTICE 
 
Students analyze attributes of three-dimensional shapes; for example, noticing some have sides that all look 
like squares or rectangles, while others have sides that look like triangles (MP.3)  Students explain the 
location or position of an object does not change its attributes (MP.7).  Students analyze and describe 
shapes they form by combining shapes; for example, using pattern blocks or tangrams to build a design 
(MP.3). 
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GEOMETRY 

STANDARD 
K.G.5         

MP.1, MP.5 

Analyze, compare, create, and compose shapes. 
 
Model shapes in the world by building figures from components and drawing shapes. 
 

LEARNING TARGETS CLARIFICATIONS 
 

• Analyze the attributes of real world objects to 
identify shapes. 

• Draw shapes to represent objects in the world. 
• Build shapes from all types of materials. 

 
 
 
 
 
 

 
 

Students construct and draw models of shapes (square, circle, triangle, rectangle, hexagon, cube, cone, 
cylinder, sphere) in the world around them.  Students create shapes with materials that include but are not 
limited to straws, pipe cleaners, popsicle sticks or clay and describe the shape they create. (Students use 
sticks and a ball to replicate an ice cream cone.) 
 
Coherence KY.K.G.5→KY.1.G.1 
 

ATTENDING TO MATH PRACTICE 
Using a variety of tools, students construct objects that resemble items in their world (MP.5). As they 
construct and draw shapes, they recognize they are putting together shapes to form new larger shapes, just 
as they combine objects to have more objects (MP.5). 
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GEOMETRY 

STANDARD 
K.G.6         

MP.3, MP.5 

Analyze, compare, create and compose shapes. 
 
Compose simple shapes to form larger shapes.  
 

LEARNING TARGETS CLARIFICATIONS 
• Combine shapes to form larger shapes. (Four small 

squares make one large square.) 
• Combine shapes together to make a new shape. 
• Name the new shape that results from composing 

two simple shapes. 
• Compose a new or larger shape using more than 

one simple shape. 
• Analyze how to put simple shapes together to 

compose a new or larger shape. 
 
 

Students explore by using simple shapes to construct a larger shape.  (Students arrange paper triangles 
to form a rectangle. Students arrange triangle pattern blocks to form a hexagon.) 
 
Coherence KY.K.G.6→KY.1.G.2 
 

ATTENDING TO MATH PRACTICE 
Students analyze attributes of three-dimensional shapes; for example, noticing some have sides that all 
look like squares or rectangles, while others have sides that look like triangles (MP.3). Using a variety of 
tools, students construct objects that resemble items in their world (MP.5). As they construct and draw 
shapes, they recognize they are putting together shapes to form new larger shapes, just as they 
combine objects to have more objects (MP.5). Students analyze and describe shapes they form by 
combining shapes; for example, using pattern blocks or tangrams to build a design (MP.3). 
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Appendix A: Tables  
Table 1 

 Common Addition and Subtraction Situations1  
 Result Unknown Change Unknown Start Unknown 

Add To 

Two bunnies sat on the grass. Three 
more bunnies hopped there. How 
many bunnies are on the grass now? 
 

2 + 3 = ? 

Two bunnies were sitting on the grass. Some more 
bunnies hopped there. Then there were five 
bunnies. How many bunnies hopped over to the 
first two? 

2 + ? = 5 

Some bunnies were sitting on the grass. Three 
more bunnies hopped there. Then there were five 
bunnies. How many bunnies were on the grass 
before? 

? + 3 = 5 

Take 
From 

Five apples were on the table. I ate 
two apples. How many apples are on 
the table now? 

5 – 2 = ? 

Five apples were on the table. I ate some apples. 
Then there were three apples. How many apples 
did I eat? 

5 - ? = 3 

Some apples were on the table. I ate two apples. 
Then there were three apples. How many apples 
were on the table before? 

? – 2 = 3 
 

 Total Unknown Addend Unknown Both Addends Unknown3 

Put 
Together/ 

Take 
Apart2 

Three red apples and two green 
apples are on the table. How many 
apples are on the table? 

3 + 2 = ? 

Five apples are on the table. Three are red and the 
rest are green. How many apples are green? 

 
3 + ? = 5, 5 – 3 = ? 

Grandma has five flowers. How many can she put 
in her red vase and how many in her blue vase? 
 

5 = 0 + 5, 5 = 5 + 0 
5 = 1 + 4, 5 = 4 + 1 
5 = 2 + 3, 5 = 3 + 2 

 

 Difference Unknown Bigger Unknown Smaller Unknown 

Compare4 

(“How many more?” version): 
Lucy has two apples. Julie has five 
apples. How many more apples does 
Lucy have than Julie? 

(“How many fewer?” version): 
Lucy has two apples. Julie has five 
apples. How many fewer apples does 
Lucy have than Julie? 

2 + ? = 5, 5 – 2 = ? 

(Version with “more”): 
Julie has three more apples than Lucy. Lucy has two 
apples. How many apples does Julie have? 

(Version with “fewer”): 
Lucy has three fewer apples than Julie. Lucy has 
two apples. How many apples does Julie have? 
 

 
2 + 3 = ?, 3 + 2 = ? 

(Version with “more”): 
Julie has three more apples than Lucy. Julie has 
five apples. How many apples does Lucy have? 

(Version with “fewer”): 
Lucy has three fewer apples than Julie. Julie has 
five apples. How many apples does Lucy have? 
 

 
5 – 3 = ?, ? + 3 = 5 

Blue shading indicates the four Kindergarten problem subtypes. Students in grades 1 and 2 work with all subtypes and variants (blue and green). Yellow indicates problems that are the difficult four problem subtypes 
students in grade 1 work with but do not need to master until grade 2. 
1 Adapted from Box 2-4 of National Research Council (2009, op. cit., pp. 32, 33). 
2These take apart situations can be used to show all the decompositions of a given number. The associated equations, which have the total on the left of the equal sign, help children understand that the = sign does not 
always mean makes or results in but always does mean is the same number as.  
3 Either addend can be unknown, so there are three variations of these problem situations. Both Addends Unknown is a productive extension of this basic situation especially for small numbers less than or equal to 10.  
4 For the Bigger Unknown or Smaller Unknown situations, one version directs the correct operation (the version using more for the bigger unknown and using less for the smaller unknown). The other versions are more 
difficult. 
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Table 2 
Common Multiplication and Division Situations1 

  
Unknown Product 

 
Group Size Unknown 

 
Number of Groups Unknown 

  
3 × 6 = ? 

 
3 × ? = 18 and 18 ÷ 3 = ? 

 
? × 6 = 18 and 18 ÷ 6 = ? 

Equal 
Groups 

There are 3 bags with 6 plums in each 
bag. How many plums are there in all? 

 
Measurement example: you need 3 

lengths of string, each 6 inches long. How 
much string will you need all together? 

If 18 plums are shared equally into 3 bags, 
then how many plums will be in each bag? 

 
Measurement example: you have 18 inches of 
string which you will cut into 3 equal pieces. 

How long will each piece of string be? 

If 18 plums are to be packed 6 to a bag, then how 
many bags are needed? 

 
Measurement example: you have 18 inches of 
string which you will cut into pieces that are 6 

inches long. How many pieces of string will you 
have? 

Arrays,2 
Area3 

There are three rows of apples with 6 
apples in each row. How many apples are 

there? 
 
Area example: what is the area of a 3 cm 

by 6 cm triangle? 

If 18 apples are arranged into 3 equal rows, 
how many apples will be in each row? 

 
Area example: a rectangle has area of 18 

square centimeters. If one side is 3 cm long, 
how long is a side next to it? 

If 18 apples are arranged into equal rows of 6 
apples, how many rows will there be? 

Area example: a rectangle has area of 18 square 
centimeters. If one side is 6 cm long, how long is 

the side next to it? 

Compare 

A blue hat costs $6. A red hat costs 3 
times as much as the blue hat. How much 

does the red hat cost? 
 
Measurement example: a rubber band is 6 
cm long. How long will the rubber band be 
when it is stretched to be 3 times as long? 

A red hat costs $18 and that is 3 times as much 
as a blue hat costs. How much does a blue hat 

cost? 
 

Measurement example: a rubber band is 
stretched to be 18 cm long and is 3 times as 

long as it was at first. How long was the rubber 
band at first? 

A red hat costs $18 and a blue hat costs $6. How 
many times as much does the red hat cost as the 

blue? 
 

Measurement example: a rubber band was 6 cm 
long at first. Now it is stretched to be 18 cm long. 

How many times as long is the rubber band now as 
it was at first? 

 
 
General 

 

 
a × b = ? 

 

 
a × ? = p and p ÷ a = ? 

 
? × b =p and p ÷ b = ? 

 

1 The first examples in each cell are examples of discrete things. These are easier for students and should be given before the measurement examples.  
2 The language in the array examples shows the easiest form of array problems. A harder form is to use the terms rows and columns: the apples in the grocery window are in 
3 rows and 6 columns. How many apples are in there? Both forms are valuable.  
3 Area involves arrays of squares that have been pushed together so that there are no gaps or overlaps, so array problems include these especially important measurement 
situations. 
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Properties of Operations 
 

The variables a, b and c stand for arbitrary numbers in a given number system.  
The properties of operations apply to the rational number system, the real number system and the complex number system. 

Associative property of addition (𝑎𝑎 +  𝑏𝑏)  +  𝑐𝑐 =  𝑎𝑎 +  (𝑏𝑏 +  𝑐𝑐) 

Commutative property of addition 𝑎𝑎 +  𝑏𝑏 =  𝑏𝑏 +  𝑎𝑎 

Additive identity property of 0 𝑎𝑎 +  0 =  0 +  𝑎𝑎 =  𝑎𝑎 

Existence of additive inverses For every a there exists –a so that a + (-a) = (-a) + a = 0 

Associative property of multiplication (𝑎𝑎 ×  𝑏𝑏)  ×  𝑐𝑐 =  𝑎𝑎 𝑥𝑥 (𝑏𝑏 ×  𝑐𝑐) 

Commutative property of multiplication 𝑎𝑎 ×  𝑏𝑏 =  𝑏𝑏 ×  𝑎𝑎 

Multiplicative identity property of 1 𝑎𝑎 ×  1 =  1 ×  𝑎𝑎 =  𝑎𝑎 

Existence of multiplicative inverses For every a ≠ 0 there exists 1
𝑎𝑎

 so that a × 1
𝑎𝑎

 = 1
𝑎𝑎

 × a = 1 

Distributive property of multiplication over addition 𝑎𝑎 ×  (𝑏𝑏 +  𝑐𝑐)  =  𝑎𝑎 ×  𝑏𝑏 +  𝑎𝑎 ×  𝑐𝑐 
 

Table 4 
Properties of Equality 

 

The variables a, b and c stand for arbitrary numbers in the rational, real or complex number systems. 
Reflexive property of equality 𝑎𝑎 =  𝑎𝑎 

Symmetric property of equality If 𝑎𝑎 =  𝑏𝑏, then 𝑏𝑏 =  𝑎𝑎 

Transitive property of equality If 𝑎𝑎 =  𝑏𝑏 and  𝑏𝑏 =  𝑐𝑐, then a = c 

Addition property of equality If a = b, then a + c = b + c  

Subtraction property of equality If a = b, then a – c = b – c  

 Multiplication property of equality If a = b, then a x c = b x c 

Division property of equality If a = b and c ≠ 0, then a ÷ c = b ÷ c 

Substitution property of equality  If a = b, then b may be substituted for a in any expression 
containing a.   
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Table 5 
Properties of Inequality 

 
The variables a, b and c stand for arbitrary numbers in the rational or real number systems. 

Exactly one of the following is true: a < b, a = b, a > b 
If a > b and b > c then a > c  

If a > b, then b < a 
If a > b, then –a < -b 

If a > b, then a ± c > b ± c 
If a > b and c > 0, then a x c > b x c 
If a > b and c < 0, then a x c < b x c 
If a > b and c > 0, then a ÷ c > b ÷ c 
If a > b and c < 0, then a ÷ c < b ÷ c 
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Table 6 
Fluency Standards across All Grade Levels 

 
Grade Coding Fluency Standards 
K KY.K.OA.5 Fluently add and subtract within 5. 
1 KY.1.OA.6 Fluently add and subtract within 10. 
2 KY.2.OA.2 

KY.2.NBT.5 
Fluently add and subtract within 20. 
Fluently add and subtract within 100. 

3 KY.3.OA.7 
KY.3.NBT.2 

Fluently multiply and divide within 100. 
Fluently add and subtract within 1000. 

4 KY.4.NBT. Fluently add and subtract multi-digit whole numbers using an algorithm. 
5 KY.5.NBT.5 Fluently multiply multi-digit whole numbers (not to exceed four-digit by two-digit multiplication) 

using an algorithm. 
6 KY.6.NS.2 

KY.6.NS.3 
KY.6.EE.2 

Fluently divide multi-digit numbers using an algorithm. 
Fluently add, subtract, multiply and divide multi-digit decimals using an algorithm for each 
operation. 
Write, read and evaluate expressions in which letters stand for numbers. 

7 KY.7.NS.1d 
KY.7.NS.2c 

Apply properties of operations as strategies to add and subtract rational numbers. 
Apply properties of operations as strategies to multiply and divide rational numbers. 

8 KY.8.EE.7 Solve linear equations in one variable. 
Algebra KY.HS.A.2 

 
KY.HS.A.19 

Use the structure of an expression to identify ways to rewrite it and consistently look for 
opportunities to rewrite expressions in equivalent forms. 
Solve quadratic equations in one variable. 

Functions KY.HS.F.4 
 
KY.HS.F.8 

Graph functions expressed symbolically and show key features of the graph both with and without 
technology (i.e., computer, graphing calculator).★ 
Understand the effects of transformations on the graph of a function. 

Geometry KY.HS.G.21 
KY.HS.G.11c 
KY.HS.G.12c 

Use coordinates to justify and prove simple geometric theorems algebraically. 
Use similarity criteria for triangles to solve problems in geometric figures. 
Use trigonometric ratios and the Pythagorean Theorem to solve right triangles in applied 
problems.★ 
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